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We prove a general comparison result for homotopic ﬁnite p-energy C1 p-harmonic maps
u, v : M → N between Riemannian manifolds, assuming that M is p-parabolic and N
is complete and nonpositively curved. In particular, we construct a homotopy through
constant p-energy maps, which turn out to be p-harmonic when N is compact. Moreover,
we obtain uniqueness in the case of negatively curved N . This generalizes a well-known
result in the harmonic setting due to R. Schoen and S.T. Yau.
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1. Introduction and main result
In the mid 1960’s, J. Eells and J.H. Sampson extended the notion of harmonicity from real-valued functions to manifold-
valued maps, [5]. The topological relevance of harmonic maps, already visible in the seminal paper [5], became clear in the
works by P. Hartman, L. Lemaire, R. Hamilton and others authors. See e.g. [9,4,7]. Notably, R. Schoen and S.T. Yau developed
the theory and topological consequences of harmonic maps with ﬁnite energy from a noncompact domain, [18–20].
A natural extension of the concept of a harmonic map is that of a p-harmonic map. To this end, a great deal of work has
been done by B. White, [27], R. Hardt and F.-H. Lin, [8], and S.W. Wei, [26,25]. In particular, it is known that p-harmonic
maps give information on the higher homotopy groups, and on the homotopy class of maps between Riemannian manifolds
when information on higher order energies is given, [26,16]. In view of these topological links we are led to understand
which of the well-known results holding in the harmonic case can be extended to the nonlinear setting.
First, we recall that a C1 map u : (M, 〈,〉M) → (N, 〈,〉N ) between Riemannian manifolds is said to be p-harmonic, p > 1,
if its p-tension ﬁeld τpu vanishes everywhere, i.e. if u satisﬁes the nonlinear system
τpu = div
(|du|p−2 du)= 0. (1)
Here, du ∈ T ∗M ⊗ u−1T N denotes the differential of u and the bundle T ∗M ⊗ u−1T N is endowed with its Hilbert–Schmidt
scalar product 〈,〉HS . Moreover, −div stands for the formal adjoint of the exterior differential d with respect to the stan-
dard L2 inner product on vector-valued 1-forms. Observe that, when N = R, τp coincides with the standard p-Laplace
operator p . Clearly, in general equality (1) has to be considered in the weak sense, i.e.∫
M
〈|du|p−2 du,dη〉HS = 0
for every smooth compactly supported η ∈ Γ (u−1T N). In case p = 2, the nonlinear factor |du|p−2 disappears and the 2-
harmonic map is simply called harmonic.
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tive in the homotopy class of a given map has been proved by S.W. Wei, [25]. Namely, elaborating on ideas of F. Burstall, [2],
he gave the following result, a detailed proof of which is contained in the next section.
Theorem 1 (Wei). Let M be a complete Riemannian m-dimensional manifold and N a compact manifold with N Sect  0. Then any
continuous (or more generally W 1,p) map f : M → N of ﬁnite p-energy, 1 < p < ∞, can be deformed to a C1,α p-harmonic map u
minimizing p-energy in the homotopy class.
According to Theorem 1, p-harmonic maps can be considered as “canonical” representatives of homotopy classes of maps
with ﬁnite p-energy. Hence, one is naturally led to investigate such a space, in particular inquiring how many p-harmonic
representatives can be found in a given homotopy class.
A ﬁrst uniqueness result in this direction was obtained by Wei, [26], for smooth p-harmonic maps deﬁned on com-
pact M , generalizing a previous result for p = 2 due to P. Hartman, [9]. An interesting task is then to detect similar results
for complete noncompact manifolds. In the harmonic setting, the most important result is represented by the following
celebrated theorem due to Schoen and Yau, [19,20].
Theorem 2 (Schoen–Yau). Let M and N be complete Riemannian manifolds with VolM < ∞.
(i) Let u : M → N be a harmonic map of ﬁnite energy. If N Sect< 0, there is no other harmonic map of ﬁnite energy homotopic to u
unless u(M) is contained in a geodesic of N.
(ii) If N Sect  0 and u, v : M → N are homotopic harmonic maps of ﬁnite energy, then there is a smooth one-parameter family
ut : M → N, of harmonic maps with u0 = u and u1 = v. Moreover, for each q ∈ M, the curve {ut(q): t ∈ R} is a constant
(independent of q) speed parametrization of a geodesic. Finally, the map M × R → N given by (q, t) 	→ ut(q) is harmonic with
respect to the product metric on M ×R.
Theorem 2 has been subsequently improved by S. Pigola, M. Rigoli and A.G. Setti replacing the ﬁnite volume condition
VolM < +∞ with the parabolicity of M , [14]. We recall that a manifold M is said to be p-parabolic if any bounded
above weak solution ϕ of pϕ  0 is necessarily constant. It is well known that this is just one of the several equivalent
deﬁnitions of p-parabolicity; see [10,22,15] and Theorem 6 below. Moreover, a 2-parabolic manifold is called parabolic. As a
matter of fact, an inspection of the proof of Schoen and Yau shows that they strongly use the fact that the composition of a
convex function and a harmonic map is a subharmonic function. It turns out that, in general, this is not true if p 
= 2, [24].
Hence, one is led to follow different paths in order to deal with the nonlinear analogies of Schoen and Yau’s result. In
this direction, some progresses in the special situation of a single map homotopic to a constant has been made in [14],
where the authors managed to overcome the unpleasant behaviour of the composition of p-harmonic maps with convex
functions introducing a special composed vector ﬁeld and applying to this latter a global form of the divergence theorem
in noncompact settings, due to V. Gol’dshtein and M. Troyanov, which goes under the name of Kelvin–Nevanlinna–Royden
criterion, [6]; see Theorem 6 below. The ﬁrst attempt to consider two nonconstant maps has been made in [11]. In that
paper, the case N =Rn has been considered. According to [14], if M is p-parabolic, then every p-harmonic map u : M →Rn
with ﬁnite p-energy |du| ∈ Lp(M) must be constant. However, using the very special structure of Rn the authors were able
to extend this conclusion obtaining that two ﬁnite p-energy maps u, v : M → Rn differs by a constant provided τpu = τp v .
Since Rn is contractible, in this situation all maps are trivially homotopic. Consequently, this result can be seen as a special
case in the comprehension of general comparison theorems for homotopic p-harmonic maps in the spirit of Theorem 2.
However, though the procedure is nontrivial due to the nonlinearity of τp , thanks to the good properties of Rn , i.e. in
particular the standard way to compare p-tension ﬁelds at different points through their difference, the problem in [11]
was somehow reduced to that of a single map. Nevertheless, it is worth noting that in this case the Kelvin–Nevanlinna–
Royden criterion has been used in its full power in the sense that the divergence of the vector ﬁeld X introduced has a
nontrivial negative part. This leads to employ a new limit procedure which turns out to be useful in our investigation; see
also Theorem 15 in [23].
The main achievement of this paper is the following very general comparison result for homotopic p-harmonic maps
which represents an analogue of Theorem 2 for p  2.
Theorem A. Suppose M is p-parabolic, p  2, and N is complete.
(i) If N Sect< 0 and u : M → N is a C1 p-harmonic map of ﬁnite p-energy, then there is no other p-harmonic map of ﬁnite p-energy
homotopic to u unless u(M) is contained in a geodesic of N.
(ii) If N Sect 0 and u, v : M → N are homotopic C1 p-harmonic maps of ﬁnite p-energy, then there is a continuous one-parameter
family of maps ut : M → N with u0 = u and u1 = v such that the p-energy of ut is constant (independent of t) and for each q ∈ M
the curve t 	→ ut(q), t ∈ [0,1], is a constant (independent of q) speed parametrization of a geodesic. Moreover, if N is compact, ut
is a p-harmonic maps for each t ∈ [0,1].
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form |Z |p−2, where Z is a given vector ﬁeld; see for instance the relation (16) below. On the other hand, in the special
case N = Rn , Theorem A holds for any p > 1, [23]. Consequently, here the assumption p  2 is probably just a technical
request. A reﬁnement of the proof of Theorem A which permits to cover also the case 1< p < 2 would be, if possible, surely
interesting.
2. Proofs of the results
Since the arguments in [25] are only sketched, and since the proof of this result plays a key role in the development of
the paper, we provide a detailed proof of Theorem 1. To this end, we adapt to the case p  2 the proof given by Burstall for
p = 2, [2].
Proof of Theorem 1. For the ease of notation, throughout all the proof we will keep the same set of indices each time we
will extract a subsequence from a given sequence.
Consider an exhaustion {Mk}∞k=1 of M , i.e. a sequence such that, for each k, Mk is a compact manifold with boundary,
Mk ⊂⊂ Mk+1 and ⋃∞k=1 Mk = M . Recall that the 1-homotopy type of a continuous map from M to N is the homotopy class
of its restriction to the 1-dimensional skeleton, [27]. Deﬁne H f as the space of W 1,ploc (M,N) maps v such that v|Mk and
f |Mk have the same 1-homotopy type, i.e.
H f :=
{
v ∈ W 1,ploc (M,N): ∀k 1, (v|Mk ) is conjugated to ( f |Mk )
}
.
First, we point out that H f is well deﬁned since any map g ∈ W 1,p(M ′,N) deﬁned on a compact m-dimensional manifold
M ′ induces a homomorphism g : π1(M ′,∗) → π1(N,∗) as follows. Given a generator γ for π1(M ′,∗), we consider a tubular
neighborhood T ⊂ M ′ of γ in M such that ψ : S1 × Im−1 → T is a smooth immersion, where Im−1 is the unit (m − 1)-cell,
and deﬁne γ s : S1 → N as γ s(·) := ψ(·, s). Since M ′ is compact and p  2, by Hölder inequality g ∈ W 1,2(M ′,N) and
Proposition 2.3 in [2] ensures that there exists Im−1g ⊆ Im−1 such that Im−1 \ Im−1g has measure zero and, for all s, s′ ∈ Im−1g ,
g is continuous on γ s and g(γ s) is homotopic to g(γ s
′
). Consequently, for each γ ∈ π1(M ′,∗) and s0 ∈ Im−1g we can set
g
[
γ s0
]= [g(γ s0)]
on the generators, and extend g so that it is a group homomorphism. By the above considerations, g does not depend on
the choice of s0 ∈ Im−1g , while by Proposition 2.4 in [2] g is also independent of the choice of the generator.
Since f ∈H f , H f is nonempty and
I f := inf
v∈H f
E p(v) < +∞.
Here Ep denotes the p-energy functional deﬁned as
Ep(v) := 1
p
∫
M
|dv|p dVM .
Let {v j}∞j=1 ⊂ H f be a sequence minimizing p-energy in H f , i.e. Ep(v j) → I f as j → ∞. Choosing a subsequence if
necessary, we can suppose Ep(v j) < 2I f for all j. Fix k ∈ N and consider the sequence {v j |Mk }∞j=1. Let i : N ↪→ Rq be an
isometric immersion of N into some Euclidean space. Since i(N) ⊂ Rq is compact and {Ep(v j)}∞j=1 is bounded, {v j |Mk }∞j=1
is bounded in W 1,p(Mk,Rq) and, up to choosing a subsequence, v j |Mk converges to some v(k) ∈ W 1,p(Mk,Rq) weakly in
W 1,p(Mk,Rq). Since Mk is compact, {v j |Mk }∞j=1 is bounded in W 1,p
′
(Mk,Rq) for some p′  p which satisﬁes p′ <m. By the
Kondrachov theorem, [1, p. 55], v j |Mk converges strongly in Ls(Mk,Rq) for any 1< s < (mp′)/(m− p′) and hence pointwise
almost everywhere. This implies v(k) ∈ W 1,p(Mk,N). By the lower semicontinuity of Ep we have
Ep
(
v(k)
)
 lim inf
j→∞
Ep(v j|Mk ). (2)
We want to show that the homomorphism on fundamental groups induced by v j |Mk is preserved in the limit v j |Mk → v(k) .
As above, choose a generator γ for some ﬁxed class in π1(Mk,∗) and consider the relative tubular neighborhood ψ:
S
1 × Im−1 → T and the set Im−1v j . For a.e. s ∈ Im−1v j there exists a constant Ks such that∫
S1
∣∣dv j(t, s)∣∣2 dt  Ks (3)
for inﬁnitely many j. In fact, if by contradiction we assume there exists a set I ′ ⊂ Im−1v j of positive measure such that∫
1
∣∣dv j(t, s′)∣∣2 dt → ∞, ∀s′ ∈ I ′,
S
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(2I f )
2
p
(
Vol
(
S
1 × Im−1)) p−2p  lim inf
j→∞
∫
S1×Im−1
∣∣dv j(t, s)∣∣2 dVS1×Im−1
 lim inf
j→∞
∫
I ′
∫
S1
∣∣dv j(t, s)∣∣2 dt ds

∫
I ′
(
lim inf
j→∞
∫
S1
∣∣dv j(t, s)∣∣2 dt
)
ds = +∞.
So (3) is proven. The 1-dimensional Sobolev and Kondrachov’s embedding theorems (e.g. [1, p. 53]) states that there
is a compact immersion W 1,2(S1,N) ↪→ C0(S1,N). By (3) and the compactness of N , v j(·, s) is uniformly bounded in
W 1,2(S1,N) so that for a.e. s ∈ Im−1 we get a subsequence v j converging uniformly on γ s . Thus, for a.e. s ∈ Im−1 there is j
such that v j(γ s) is uniformly close to, and hence homotopic to, v(k)(γ s). Hence(
v(k)
)

= ( f |Mk ). (4)
Using standard diagonal arguments we can choose a subsequence of v j which, for all k, converges to v(k) ∈ W 1,p(Mk,N)
weakly in W 1,p , strongly in Ls and pointwise almost everywhere. The map v0 : M → N which, on Mk , takes values
v0|Mk = v(k) is well deﬁned. Indeed, by pointwise convergence, v(k) and v(k+1) agree almost everywhere on Mk . Now,
v0 ∈ W 1,ploc (M,N) and by (4) we get v0 ∈H f . It follows from (2) and the uniform boundedness of Ep(v j |Mk ) that
I f  Ep(v0) = lim
k→∞
Ep(v0|Mk ) = lim
k→∞
Ep
(
v(k)
)
 lim
k→∞
lim inf
j→∞
Ep(v j|Mk ) lim infj→∞ Ep(v j) = I f ,
so that Ep(v0) = I f , i.e. v0 minimize the energy in H f .
We are going to show that v0 ∈ C1,α and, hence, is a p-harmonic map. To this end, we recall some deﬁnitions. A map
v ∈ W 1,p(M,N) is said to be p-minimizing on -balls if Ep(v) Ep(w) for any w ∈ W 1,p(M,N) which agrees with v outside
some ball Br of radius r <  , that is, if v = w on M \ Br and (v − w)|Br ∈ W 1,p0 (Br,N). Moreover, a map ψ : Sl → N is said
to be a p-minimizing tangent map of Sl if its homogeneous extension ψ¯ to Rl+1 given by
ψ¯(x) := ψ
(
x
|x|
)
, ∀x 
= 0,
minimizes the p-energy on every compact subset of Rl+1. As observed in [17] for p = 2, if ψ¯ is p-harmonic in Rl+1, then ψ
is p-harmonic in Sl . In fact, at each point x ∈ Rl+1, set coordinates (ρ, θ1, . . . , θ l) in Rl+1, where ρ is the radial coordinate
and {θ i}li=1 is an orthonormal system for Sl|x| := {y ∈Rl: |y| = |x|} at the point x. Since dψ¯( ∂∂ρ ) = 0, then
|dψ¯ |p(x) =
{
l∑
i=1
∣∣∣∣dψ¯
(
∂
∂θ l
(x)
)∣∣∣∣
2
}p/2
= C |dψ |p(x/|x|)
for some constant C = C(ρ, l) > 0 independent of θ i . Now, if ψ is a p-harmonic map deﬁned on Sl with values in N , which
is compact and nonnegatively curved, Theorem 1.7 in [26] implies ψ is constant, thus proving that N admits no nontrivial
p-minimizing tangent maps of l-sphere for every l  1. On the other hand, choose  to be less than half the width of the
tubular neighborhoods about the generating curves of various π1(M,∗) ( may vary according to the element of π1(M)
considered, but this is not important due to the local nature of the regularity results). Then, if w ∈ W 1,p(Mk,N) agrees with
v0|Mk outside some -ball, we can extend w to w¯ ∈ W 1,ploc (M,N) by setting w¯ = v0 on M \ Mk , and it is clear that w¯ ∈H f .
Thus
Ep(v0|Mk ) + Ep(v0|M\Mk ) = Ep(v0) Ep(w¯) = Ep(w) + Ep(v0|M\Mk ),
giving that v0 is p-minimizing on -balls. At this point we can apply a regularity result by Hardt and Lin (see Theorem 4.5
in [8]) which gives that v0 is C1,α on Mk for each k, so v0 ∈ C1,α(M,N) and, being locally p-minimizing, is therefore
p-harmonic.
It remains to prove that v0 is homotopic to f . Since N has nonpositive sectional curvatures, N is K (π,1), i.e. each
homotopy group πk(N) of N is trivial for k > 1. A standard result says that, in this case, for every compact manifold M ′
the conjugacy classes of homomorphisms from π1(M ′) to π1(N) are in bijective correspondence with the homotopy classes
of maps from M ′ to N (see e.g. [21, p. 428]). Thus, the continuous elements of H f , and in particular v0, are all homotopic
to f on compacta. Finally, to conclude that v0 and f are homotopic as maps from M to N , we use the following result. 
G. Veronelli / J. Math. Anal. Appl. 391 (2012) 335–349 339Theorem 4 (Hansen). Let M,N be connected C − W complexes with M countable and N a K (π,1). Let f , g : M → N be maps that
are homotopic on compacta. Then f , g are homotopic as maps from M to N.
Remark 5. Theorem 4 appeared in [2] as Theorem 5.1. In that paper, the result is attributed to a private communication of
V.L. Hansen and only stated. We are grateful to professor Fran Burstall for suggesting us how the proof of Theorem 4 works.
We now come to the proof of Theorem A. This combines the techniques introduced by [20,14,11]. We consider two
nonconstant homotopic p-harmonic maps u, v : M → N . Since we have no way to compare the two maps in a standard
way we proceed as in [20], i.e. we consider the map (u, v) : M → N × N and the distance function on N , denoted by
rN : N × N → R, and their lifting to suitably chosen covering spaces. Nevertheless, the ideas of Schoen and Yau cannot
be applied directly. To give an idea of the proof, suppose for the moment that N is simply connected. First of all, as
remarked above, the unpleasant behaviour of the composition of p-harmonic maps and convex functions prevents to deduce
straightforward information on the composed function rN (u, v) : M →R. By the way, we note that while for p = 2 the map
(u, v) is harmonic, the same does not hold if p > 2. In fact, in the harmonic setting a simple composition law gives

(
rN(u, v)
)= div([drN ◦ (du,dv)])
= (drN) ◦ τ (u, v) + trM N×N Hess rN
(
(du,dv), (du,dv)
)
= (drN) ◦ (τu, τ v) + trM N×N Hess rN
(
(du,dv), (du,dv)
)
, (5)
so that the subharmonicity of rN (u, v) is reduced to the harmonicity of u and v and to the convexity of rN . Unfortunately,
such a nice decomposition is not known for p 
= 2. Nevertheless, inspiring to [14], we can take in account the p-harmonicity
of the maps by generalizing the vector ﬁeld [d(rN ) ◦ (du,dv)] , appearing in the ﬁrst line of (5), to the vector ﬁeld
XA :=
[
dhA |(u,v) ◦
(|du|p−2 du, |dv|p−2 dv)].
Here hA : N × N →R is given by hA :=
√
A + r2N , A > 1. Note that, computing as in (5), the p-harmonicity of the maps gives
div XA = trM N×N HesshA
(
(du,dv),
(|du|p−2 du, |dv|p−2 dv)).
At this point one would like to apply the Kelvin–Nevanlinna–Royden criterion in order to obtain that div XA vanishes. As
in [11], here the criterion has to be applied in its full strength since div X has a nontrivial negative part. Indeed, for p > 2 the
Hessian has to be valued in the two different directions. For this reason, even if trM Hess r2N ((du,dv)(|du|p−2 du, |dv|p−2 dv))
is nonnegative, the same does not hold for trM Hess rN . Hence, as in [23], we introduce the family of function hA depending
on rN in such a way that the negative part of div XA is integrable and becomes negligible letting A → ∞. From here on, the
proof can basically proceed as in the case p = 2 given by Schoen and Yau.
Finally, we remark that nonnegativity of trM Hess r2N in the two speciﬁed directions is obtained through some further
computations involving Jacobi equations, since a direct application of the second variation formula for arclength does not
suﬃce; see Theorem 8 below. Obviously, throughout all the proof, we have to keep in account the low regularity guaranteed
for the p-harmonic representatives.
Proof of Theorem A. We begin by recalling the following interesting characterization of p-parabolicity due to [6] which will
be useful later. It goes under the name of Kelvin–Nevanlinna–Royden criterion and was previously proved by T. Lyons and
D. Sullivan for p = 2, [13].
Theorem 6 (Gol’dshtein–Troyanov). A complete Riemannian manifold M is p-parabolic if and only if every vector ﬁeld X on M such
that
(a) |X | ∈ L pp−1 (M),
(b) div X ∈ L1loc(M) and min(div X,0) = (div X)− ∈ L1(M)
satisﬁes necessarily 0
∫
M div XdVM .
Now, let u and v be two C1 p-harmonic maps from M to N which are freely homotopic, and such that |du|, |dv| ∈ Lp(M).
Let PM : M˜ → M and PN : N˜ → N be the universal Riemannian covers of M and N , respectively. Then π1(M,∗) and π1(N,∗)
act as groups of isometries on M˜ and N˜ respectively so that M = M˜/π1(M,∗) and N = N˜/π1(N,∗). Let distN˜ : N˜ × N˜ → R
be the distance function on N˜ . Since N˜ Sect 0, we know that distN˜ is smooth on (N˜ × N˜) \ D˜ , where D˜ is the diagonal set
{(x˜, x˜): x˜ ∈ N˜}, and dist2
N˜
is smooth on N˜ × N˜ . Now π1(N,∗) acts on N˜ × N˜ as a group of isometries by
β(x˜, y˜) = (β(x˜),β( y˜)) for β ∈ π1(N,∗).
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N˜
induces a smooth function
r˜2 : N˜×/ →R,
where we have deﬁned
N˜×/ := (N˜ × N˜)/π1(N,∗).
Let U : M × [0,1] → N be a homotopy of u with v so that U (q,0) = u(q) and U (q,1) = v(q) for all q ∈ M . We choose a
lifting U˜ : M˜ × [0,1] → N˜ , and call U˜ (q˜,0) =: u˜(q˜) and U˜ (q˜,1) =: v˜(q˜) for all q˜ ∈ M˜ . This deﬁnes liftings u˜, v˜ of u, v and,
since Riemannian coverings are local isometries, u˜ and v˜ are p-harmonic maps and
|du˜|(q˜) = |du|(PM(q˜)), |dv˜|(q˜) = |dv|(PM(q˜)).
Now, π1(M,∗) acts as a group of isometries on M˜ and we have
u˜
(
γ (q˜)
)= u(γ )u˜(q˜), v˜(γ (q˜))= v(γ )v˜(q˜), ∀q˜ ∈ M˜, γ ∈ π1(M,∗), (6)
where u, v : π1(M,∗) → π1(N,∗) are the induced homomorphism and u ≡ v since u is homotopic to v .
Thus, the map j˜ : M˜ → N˜ × N˜ deﬁned by j˜(x˜) := (u˜(x˜), v˜(x˜)) induces by (6) a map
j : M → N˜×/.
Furthermore, we can construct a vector-valued 1-form J ∈ T ∗M ⊗ j−1T N˜×/ along j by projecting via (6) the vector-valued
1-form J˜ ∈ T ∗M˜ ⊗ j˜−1T (N˜ × N˜) along j˜ deﬁned as
J˜ := (Kp(u˜),Kp(v˜)).
From now on, the symbol Kp(u˜) stands for
Kp(u˜) := |du˜|p−2 du˜.
Set hˆA : [0,+∞) → R as hˆA(t) :=
√
A + t2 for every A > 1 and deﬁne hA := hˆA(r˜) ∈ C∞(N˜×/,R). Consider the vector ﬁeld
on M given by
X |q := [dhA | j(q) ◦ J |q]. (7)
Note that
X |q := dPM |q˜ ◦ X˜ |q˜, (8)
where
X˜ |q˜ := [dh˜A | j˜(q˜) ◦ J˜ |q˜], h˜A := hˆA ◦
(
dist2
N˜
) : N˜ × N˜ →R.
We claim that (8) is well deﬁned. To this end, let Sq˜ ∈ Tq˜ M˜ be an arbitrary vector and let q˜′ ∈ P−1M (q) ⊂ T M˜ . If q˜′ 
= q˜, there
exists γ ∈ π1(M,∗) such that q′ = γ q. Then,
J˜ |γ q˜
(
dγ (Sq˜)
)= (d[u(γ )](Kp(u˜)(Sq˜)),d[v(γ )](Kp(v˜)(Sq˜))).
Since u is homotopic to v , u = v . Moreover distN˜ is equivariant with respect to the action of π1(N) on N˜ × N˜ , i.e.
distN˜(β x˜1, β x˜2) = distN˜(x˜1, x˜2), ∀β ∈ π1(N), x1, x2 ∈ N˜.
Then,
dPM |q˜ ◦
[
d
(
dist2
N˜
)∣∣
j˜(q˜) ◦ J˜ |q˜
]
is well deﬁned, and consequently the same holds for dPM |q˜ ◦ X˜|q˜ .
Now, we want to compute (in the weak sense) div X on M . We start with the following result, obtained with minor
changes from a lemma of Kawai, [12].
Lemma 7. Consider C1 p-harmonic maps u, v : M → N and a smooth function h : N × N →R. Then the identity
M tr N×N Hessh|(u,v)
(
(du,dv),
(Kp(u),Kp(v)))= M div[dh|(u,v) ◦ (Kp(u),Kp(v))], (9)
holds weakly on M.
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ψ ∈ T ∗M ⊗ (u, v)−1T (N × N) along (u, v) as ψ := D(η∇h|(u,v)), that is
ψ(V ) = (dη(V )) N×N∇h|(u,v) + η N×N∇d(u,v)(V ) N×N∇h|(u,v)
for all vector ﬁelds V on M . Since u, v are p-harmonic, by the structure of Riemannian products we have that
div(Kp(u),Kp(v)) = 0 weakly on M , that is∫
M
〈
ξ,
(Kp(u),Kp(v))〉HS× = 0, ∀ξ ∈ T ∗M ⊗ (u, v)−1T (N × N),
where 〈,〉HS× is the Hilbert–Schmidt scalar product on T ∗M ⊗ (u, v)−1T (N × N). Hence, choosing ξ = ψ in this latter, we
obtain
0 =
∫
M
〈
ψ,
(Kp(u),Kp(v))〉HS×
=
∫
M
〈
dη(·) ⊗ N×N∇h|(u,v),
(Kp(u),Kp(v))〉HS×
+
∫
M
〈
η N×N∇d(u,v)(·) N×N∇h|(u,v),
(Kp(u),Kp(v))〉HS×
=
∫
M
[
dh|(u,v) ◦
(Kp(u),Kp(v))](M∇η)
+
∫
M
η M tr
〈 N×N∇(du,dv) N×N∇h|(u,v), (Kp(u),Kp(v))〉N×N ,
which turns to be the weak formulation of (9). 
According to Lemma 7, because of (7) and since π1(M,∗) acts on M˜ as a group of isometries, we have that for all q ∈ M
and for any choice of q˜ ∈ P−1M (q)
M div X |q = M˜ div X˜ |q˜ = M˜ div[dh˜A | j˜(q˜) ◦ J˜ ] = M˜ tr N˜×N˜ Hess h˜A | j˜(q˜)(d j˜, J˜ )
= M tr N˜×/ HesshA | j(q)(dj, J ) (10)
holds weakly on M . Observe that
dhA = d
r˜2
2√
A + r˜2 =
r˜dr˜√
A + r˜2 (11)
and
N˜×/ HesshA =
N˜×/ Hess r˜2
2
√
A + r˜2 −
r˜2
(A + r˜2)3/2 dr˜ ⊗ dr˜.
Then, in order to deal with div X , we want to compute
trM
N˜×/ Hess r˜2
∣∣
j(q)(dj, J ) = trM˜ N˜×N˜ Hessdist2N˜
∣∣
j˜(q˜)(d j˜, J˜ ), q˜ ∈ P−1M (q). (12)
Theorem 8. For all q ∈ M and for any choice of q˜ ∈ P−1M (q) we have
trM˜
N˜×N˜ Hessdist2
N˜
∣∣
j˜(q˜)(d j˜, J˜ ) 0. (13)
Moreover, having ﬁxed an orthonormal frame E˜i in Tq˜ M˜, with i = 1, . . . ,m, the equality holds in (13) if and only if there are parallel
vector ﬁelds Zi , deﬁned along the unique geodesic γq˜ in N˜ joining u˜(q˜) and v˜(q˜), such that Zi(u˜(q˜)) = du˜|q˜(E˜ i), Z(v˜(q˜)) = dv˜|q˜(E˜ i)
and 〈 N˜ R(Zi, γ˙q˜)γ˙q˜, Zi〉N˜ ≡ 0 along γ˜q˜ . Moreover, d(distN˜ ( j˜)) = 0.
In particular, if N Sect< 0, Zi is proportional to γ˙q˜ for each i = 1, . . . ,m.
We begin with the following lemma:
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constant speed geodesic s.t. ηX (0) = q and η˙X (0) = X. Moreover, deﬁne Ys ∈ TηX (s)Q as the vectors obtained by parallel translating
Y = Y0 along ηX , and let η(s)Y : [−δ, δ] → Q be the constant speed geodesic s.t. η(s)Y (0) = ηX (s) and η˙(s)Y (0) = Ys. Then
Q Hess f |q(X, Y ) = ∂
2
∂s∂t
∣∣∣∣
s=t=0
f
(
η
(s)
Y (t)
)
.
Proof. We have
∂2
∂s∂t
∣∣∣∣
s=t=0
f
(
η
(s)
Y (t)
)= ∂
∂s
∣∣∣∣
s=0
〈∇ f , η˙(s)Y 〉∣∣t=0 = ∂∂s
∣∣∣∣
s=0
〈∇ f |ηX (s), Ys〉
= 〈∇η˙X (s)∇ f , Ys〉|s=0 + 〈∇ f ,∇η˙X (s)Ys〉|s=0
= 〈∇X∇ f , Y 〉 = Q Hess f |q(X, Y ),
since ∇η˙X (s)Ys ≡ 0 by construction. 
Proof of Theorem 8. Fix points q ∈ M , q˜ ∈ P−1M {q} and an orthonormal frame {E˜ i}mi=1 in Tq˜ M˜ . For i = 1, . . . ,m, deﬁne the
vector ﬁelds
X (i), Y (i) ∈ T j˜(q˜)(N˜ × N˜)
as
X (i) = (X (i)1, X (i)2)= (du˜(E˜ i),dv˜(E˜ i))
and
Y (i) = (Y (i)1, Y (i)2)= (k˜p(X (i)1), k˜p(X (i)2)),
where, for the ease of notation, we have set
k˜p
(
X (i)1
) := |du˜|p−2X (i)1 =
(
m∑
j=1
∣∣du˜(E˜ j)∣∣2
) p−2
2
du˜(E˜ i),
k˜p
(
X (i)2
) := |du˜|p−2X (i)2 =
(
m∑
j=1
∣∣dv˜(E˜ j)∣∣2
) p−2
2
dv˜(E˜ i). (14)
Let D˜ be the diagonal set
D˜ := {(u˜1, u˜1): u˜1 ∈ N˜}⊂ N˜ × N˜
so that distN˜ is smooth on (N˜ × N˜) \ D˜ , dist2N˜ is smooth on N˜ × N˜ and for each q˜ s.t. u˜(q˜) 
= v˜(q˜) there is a unique shortest
geodesic from u˜(q˜) to v˜(q˜) in N˜ . We call γq˜ such a geodesic parametrized by arc length.
Let σ X
(i) : [−, ] → (N˜ × N˜), be the constant speed geodesic on N˜ × N˜ satisfying
σ X
(i)
(0) = (u˜(q˜), v˜(q˜)) and σ˙ X(i) (0) = X (i) = (X (i)1, X (i)2).
We then have σ X
(i) = (σ X (i)1 , σ X
(i)
2 ) where σ
X (i)
1 and σ
X (i)
2 are geodesic on N˜ satisfying
σ X
(i)
1 (0) = u, σ X
(i)
2 (0) = v and σ˙ X
(i)
l (0) = X (i)l, l = 1,2.
As in Lemma 9, let Y (i)s be the vector ﬁeld along σ
X (i) obtained by parallel transport of Y (i) and let σ (s),Y
(i) : [−δ, δ] → N˜× N˜
be the constant speed geodesic s.t. σ (s),Y
(i)
(0) = σ X (i) (s) and σ˙ (s),Y (i) (0) = Y (i)s . As above we can split σ (s),Y (i) in two geodesic
of N , i.e. σ (s),Y
(i) = (σ (s),Y (i)1 , σ (s),Y
(i)
2 ).
Set R¯ := distN˜ (u˜(q˜), v˜(q˜)) and, for each couple of points y1, y2 ∈ N˜ let γy1,y2 : [0, R¯] → N˜ be the (unique) constant speed
geodesic joining y1 and y2.
At this point, we can consider a family {αi}mi=1 of two parameters geodesic variations of γq˜ deﬁning αi : [0, R¯]× [−, ]×
[−δ, δ] → N˜ as
αi(t, z,w) := γ
(σ
(z),Y (i)
1 (w)),(σ
(z),Y (i)
2 (w))
(t), i = 1, . . . ,m.
We now deﬁne, for each i = 1, . . . ,m, variational vector ﬁelds
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∂z
αi(t, z,w), Wˆ i(t, z,w) := ∂
∂w
αi(t, z,w),
Zi(t) := Zˆ i(t,0,0), Wi(t) := Wˆ i(t,0,0), T (t) := ∂
∂t
αi(t,0,0) = γ˙q˜(t),
noticing that the deﬁnition of T does not depend on the choice of the index i. Here, we are using the notation
∂
∂z
αi(t, z,w) := dαi|(t,z,w)
(
∂
∂z
)
,
with ∂
∂z = (0, ∂∂z ,0) ∈ T ([0, R¯] × [−, ] × [−δ, δ]). Since both the one parameter variations αi(t, z,0) and αi(t,0,w) are
geodesic variations, we have that Zi and Wi are the corresponding Jacobi ﬁelds along γq˜ . Then for each i = 1, . . . ,m they
satisfy
Zi(0) = X (i)1, Wi(0) = Y (i)1 = k˜p X (i)1 = k˜p Zi(0),
Zi(R¯) = X (i)2, Wi(R¯) = Y (i)2 = k˜p X (i)2 = k˜p Zi(R¯),
and the Jacobi equations
∇T∇T Zi + N˜ R(Zi, T )T = 0 = ∇T∇T Wi + N˜ R(Wi, T )T .
Here and on, for the ease of notation, we omit to specify when the covariant derivatives are to be intended in N˜ . Moreover,
in analogy with (14), for each i = 1, . . . ,m and t ∈ [0, R¯] we are deﬁning
k˜p Zi(t) = ‖Z‖p−2(t)Zi(t),
where
‖Z‖2(t) =
m∑
j=1
∣∣Z j(t)∣∣2 > 0.
For each z ∈ [−, ] and w ∈ [−δ, δ], let
Lαi (z,w) :=
R¯∫
0
∣∣∣∣ ∂∂tαi(t, z,w)
∣∣∣∣dt
be the length of the geodesic curve t 	→ αi(t, z,w). By Lemma 9 we have
N˜×N˜ Hess distN˜ | j˜
(
X (i), Y (i)
)= ∂2
∂z∂w
∣∣∣∣
z=w=0
distN˜
(
σ (z),Y
(i)
(w)
)
= ∂
2
∂z∂w
∣∣∣∣
z=w=0
distN˜
(
σ
(z),Y (i)
1 (w),σ
(z),Y (i)
2 (w)
)
= ∂
2
∂z∂w
∣∣∣∣
z=w=0
Lαi (z,w).
On the other hand, by the second variation of arc length (see [3, p. 20]) we have
∂2
∂z∂w
∣∣∣∣
z=w=0
Lαi (z,w) =
〈∇ Zˆ i Wˆ i(t,0,0), T (t)〉N˜ ∣∣t=R¯t=0 +
R¯∫
0
〈∇T Zi,∇T Wi〉N˜
−
R¯∫
0
〈 N˜ R(Wi, T )T , Zi 〉N˜ −
R¯∫
0
T 〈Zi, T 〉N˜ T 〈Wi, T 〉N˜ , (15)
for each i = 1, . . . ,m. We note that the vector ﬁelds Zˆ i and Wˆ i are deﬁned along the map αi . Accordingly, the covariant
derivative at the ﬁrst term on RHS of (15) has the meaning,
∇ Zˆ i Wˆ i(t,0,0) = ∇ Zˆ i |αi(t,0,0)
(
∂
∂w
αi(t, z,0)
)
.
First, observe that, by construction of αi and due to the choice of the geodesics σ
(z),Y (i)
1 (w) and σ
(z),Y (i)
2 (w), we have
∇ˆ Wˆ i(0,0,0) = ∇ˆ Wˆ i(R¯,0,0) = 0,Zi Zi
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at t = 0 and t = R¯ we can compute
R¯∫
0
{〈∇T Zi,∇T Wi〉N˜ − 〈 N˜ R(Wi, T )T , Zi 〉N˜}
=
R¯∫
0
{〈∇T Zi,∇T Wi〉N˜ + 〈∇T∇T Zi,Wi〉N˜}=
R¯∫
0
T 〈∇T Zi,Wi〉N˜
= 〈∇T Zi,Wi〉N˜ |t=R¯t=0 = 〈∇T Zi, k˜p Zi〉N˜ |t=R¯t=0
=
R¯∫
0
T 〈∇T Zi, k˜p Zi〉N˜
=
R¯∫
0
{〈∇T∇T Zi, k˜p Zi〉N˜ + T (‖Z‖p−2)〈∇T Zi, Zi〉N˜ + ‖Z‖p−2|∇T Zi |2}
=
R¯∫
0
{
−‖Z‖p−2〈N˜ R(Zi, T )T , Zi 〉N˜ + 12 T
(|Zi|2)T (‖Z‖p−2)+ ‖Z‖p−2|∇T Zi |2
}
. (16)
Since T is parallel, the Jacobi equation implies
T T 〈Zi, T 〉N˜ = T 〈∇T Zi, T 〉N˜
= 〈∇T∇T Zi, T 〉N˜
= 〈 N˜ R(T , Zi)T , T 〉N˜ = 0. (17)
Then
R¯∫
0
T 〈Zi, T 〉N˜ T 〈Wi, T 〉N˜ =
R¯∫
0
{
T
(〈Wi, T 〉N˜ T 〈Zi, T 〉N˜)− 〈Wi, T 〉N˜ T T 〈Zi, T 〉N˜}
= (〈Wi, T 〉N˜ T 〈Zi, T 〉N˜)∣∣t=R¯t=0
= (〈k˜p Zi, T 〉N˜ T 〈Zi, T 〉N˜)∣∣t=R¯t=0
=
R¯∫
0
T
(〈k˜p Zi, T 〉N˜ T 〈Zi, T 〉N˜)
=
R¯∫
0
{
T
(‖Z‖p−2)〈Zi, T 〉N˜ T 〈Zi, T 〉N˜ + ‖Z‖p−2(T 〈Zi, T 〉N˜)2}. (18)
Inserting (16) and (18) in (15) we get
N˜×N˜ HessdistN˜ | j˜
(
X (i), Y (i)
)=
R¯∫
0
‖Z‖p−2{−〈 N˜ R(Zi, T )T , Zi 〉N˜ + |∇T Zi|2 − (T 〈Zi, T 〉N˜)2}
+
R¯∫
0
1
2
T
(‖Z‖p−2)T (|Zi|2)−
R¯∫
0
T
(‖Z‖p−2)〈Zi, T 〉N˜ T 〈Zi, T 〉N˜ , (19)
for each i = 1, . . . ,m. We consider the integrals separately. First, since∣∣T 〈Zi, T 〉 ˜ ∣∣= ∣∣∇T Z T ∣∣,N i
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R¯∫
0
‖Z‖p−2{∣∣∇T Z⊥i ∣∣2 − 〈 N˜ R(Zi, T )T , Zi 〉N˜}, (20)
where Z Ti and Z
⊥
i denote the components of Zi respectively parallel and normal to T , and the integral is positive by the
curvature assumptions on N .
As for the third integral, recall (17) and note that this implies that T 〈Zi, T 〉N˜ is constant along γq˜ and takes value
T 〈Zi, T 〉N˜ ≡
1
R¯
(〈Zi, T 〉N˜ |t=R¯ − 〈Zi, T 〉N˜ |t=0). (21)
On the other hand, we have that
d(distN˜)| j˜
(
X (i)
)= d(distN˜)|(u˜(q˜),v˜(q˜))((X (i)1, X (i)2))
= drv˜ |u˜(q˜)
(
X (i)1
)+ dru˜|v˜(q˜)(X (i)2)
= −〈X (i)1, γ˙q˜(0)〉N˜ + 〈X (i)2, γ˙q˜(R¯)〉N˜ , (22)
where ru˜, rv˜ : N˜ →R are deﬁned as ru˜(·) := distN˜ (u˜(q˜), ·) and rv˜(·) := distN˜ (·, v˜(q˜)). Combining (21) and (22) we get
T 〈Zi, T 〉N˜ ≡
d(distN˜)(X
(i))
R¯
, (23)
which in turn implies
R¯∫
0
T
(‖Z‖p−2)〈Zi, T 〉N˜ T 〈Zi, T 〉N˜
=
R¯∫
0
T
(‖Z‖p−2〈Zi, T 〉N˜ T 〈Zi, T 〉N˜)−
R¯∫
0
‖Z‖p−2(T 〈Zi, T 〉N˜)2
= d(distN˜)(X
(i))
R¯
[‖Z‖p−2〈Zi, T 〉N˜]t=R¯t=0 −
(
d(distN˜)(X
(i))
R¯
)2 R¯∫
0
‖Z‖p−2. (24)
Moreover, reasoning as for (23), we compute
d(distN˜)(X
(i))
R¯
[‖Z‖p−2〈Zi, T 〉N˜]t=R¯t=0 = d(distN˜)(X (i))R¯
[〈
k˜p X
(i)
2, γ˙q˜(R¯)
〉
N˜ −
〈
k˜p X
(i)
1, γ˙q˜(0)
〉
N˜
]
= d(distN˜)(X
(i))d(distN˜)(Y
(i))
R¯
. (25)
Combining (19), (20), (24) and (25), we obtain
N˜×N˜ HessdistN˜ | j˜
(
X (i), Y (i)
)=
R¯∫
0
‖Z‖p−2{∣∣∇T Z⊥i ∣∣2 − 〈 N˜ R(Zi, T )T , Zi 〉N˜}+ 12
R¯∫
0
T
(‖Z‖p−2)T (|Zi|2)
− d(distN˜)(X
(i))d(distN˜)(Y
(i))
R¯
+
(
d(distN˜)(X
(i))
R¯
)2 R¯∫
0
‖Z‖p−2
for each i = 1, . . . ,m. Finally, since
Hessdist2
N˜
= 2distN˜ HessdistN˜ +2d(distN˜)⊗ d(distN˜),
we get
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N˜
∣∣
j˜
(
X (i), Y (i)
)= 2R¯
R¯∫
0
‖Z‖p−2{∣∣∇T Z⊥i ∣∣2 − 〈 N˜ R(Zi, T )T , Zi 〉N˜}
+ R¯
R¯∫
0
T
(‖Z‖p−2)T (|Zi|2)+ 2 (d(distN˜)(X (i)))2
R¯
R¯∫
0
‖Z‖p−2
 R¯
R¯∫
0
T
(‖Z‖p−2)T (|Zi|2), (26)
for each i = 1, . . . ,m. To conclude the ﬁrst part of the proof, we want to trace in the index i the latter expression. In
particular we have
m∑
i=1
R¯∫
0
T
(‖Z‖p−2)T (|Zi|2)=
R¯∫
0
T
(‖Z‖p−2)T
(
m∑
i=1
|Zi |2
)
=
R¯∫
0
T
(‖Z‖p−2)T (‖Z‖2).
Assume 2< p < 4, the other cases being easier. Then it holds
T
(‖Z‖p−2)T (‖Z‖2)= 2
p − 2‖Z‖
4−p[T (‖Z‖p−2)]2  0 (27)
and using (27) in (26) we ﬁnally obtain
trM˜
N˜×N˜ Hessdist2
N˜
∣∣
j˜
(
(du˜,dv˜),
(|du˜|p−2du˜, |dv˜|p−2dv˜))
=
m∑
i=1
N˜×N˜ Hessdist2
N˜
∣∣
j˜
((
du˜(E˜ i),dv˜(E˜ i)
)
,
(|du˜|p−2du˜(E˜ i), |dv˜|p−2dv˜(E˜ i))) 0. (28)
Now, assume that the inequality in (28) holds with the equality sign. Then, from (27) and the last inequality in (26) we
deduce that ‖Z‖ is constant where it does not vanishes. If ‖Z‖ ≡ 0 all the conclusions in the statement are trivially met.
Otherwise suppose ‖Z‖ > 0. Then, again from (26) we deduce that
∣∣d(distN˜(u˜, v˜))∣∣2 =
m∑
i=1
(
d(distN˜)
(
X (i)
))2 = 0,
〈 N R(Zi, T )T , Zi〉N˜ ≡ 0 along γq˜ and, using also (17),
|∇T Zi |2 =
∣∣∇T Z⊥i ∣∣2 + ∣∣∇T Z Ti ∣∣2 ≡ 0,
that is Zi is parallel along γq˜ for each i = 1, . . . ,m. 
Remark 10. Even if this has no relevance in the prosecution of the proof of Theorem A, we observe that the proof of
Theorem 8 can be easily simpliﬁed to get the following similar result holding on simply connected manifold.
Theorem 11. Suppose N is a simply connected Riemannian manifold such that N Sect 0 and ﬁx points u, v in N. Let Nr : N ×N →R
be deﬁned by Nr(u, v) := N dist(u, v) and let X = X1 + X2 ∈ T(u,v)N × N, with X1 ∈ TuN and X2 ∈ TvN. Then, for every p  2,
N×N Hess Nr2
∣∣
(u,v)
(
X,
(|X1|p−2X1, |X2|p−2X2)) 0
and the equality holds if and only if there is a parallel vector ﬁeld Z , deﬁned along the unique geodesic γu,v joining u and v, such that
Z(u) = X1 , Z(v) = X2 and 〈 N R(Z , T )T , Z〉N ≡ 0 along γu,v . Moreover, d( Nr)(X) = 0.
In particular, if N Sect< 0, Z is proportional to T := γ˙u,v .
We go back to the proof of Theorem A. From (10), (12), applying Theorem 8 and observing that
t2
(A + t2)3/2 
1√
A + t2  A
−1/2, ∀t > 0,
we get
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M tr N˜×/ Hess r˜2| j(q)(djq, J |q)
2
√
A + r˜2( j(q)) −
r˜2( j(q))
(A + r˜2( j(q)))3/2
M tr
[
dr˜| j(q)(dj|q)dr˜| j(q)( J |q)
]
−A−1/2(|du|(q)+ |dv|(q))(|du|p−1(q) + |dv|p−1(q))
−2A−1/2(|du|p(q) + |dv|p(q)), (29)
from which
(div X |q)−  2A−1/2
(|du|p(q) + |dv|p(q)) ∈ L1(M). (30)
Moreover, since t/
√
A + t2 < 1, (11) implies
|X | pp−1 (q) = (|du|p−1(q) + |dv|p−1(q)) pp−1  2 1p−1 (|du|p(q) + |dv|p(q)) ∈ L1(M). (31)
For every T > 0, set
MT =
{
q ∈ M: r˜( j(q)) T } and MT := M \ MT .
From (30) and (31), we can apply Proposition 6 to deduce that∫
M
M div X  0,
which by (29) gives∫
M
r˜2( j(q))
(A + r˜2( j(q)))3/2
M tr
[
dr˜| j(q)(dj|q)dr˜| j(q)( J |q)
]

∫
M
M tr N˜×/ Hess r˜2| j(q)(dj|q, J |q)
2
√
A + r˜2( j(q))

∫
MT
M tr N˜×/ Hess r˜2| j(q)(dj|q, J |q)
2
√
A + r˜2( j(q))
 1
2
√
A + T
∫
MT
M tr N˜×/ Hess r˜2
∣∣
j(q)(dj|q, J |q) 0. (32)
The real-valued function t 	→ t
(A+t)3/2 has a global maximum at t = 2A, is increasing in (0,2A) and satisﬁes
t
(A + t)3/2 <
1
(A + t)1/2 .
Hence, up to choosing A > T 2/2, we have∫
M
r˜2( j(q))
(A + r˜2( j(q)))3/2
M tr
[
dr˜| j(q)(dj|q)dr˜| j(q)( J |q)
]
 T
2
(A + T 2)3/2
∫
MT
2
(|du|p + |dv|p)+ 1√
A + T 2
∫
MT
2
(|du|p + |dv|p). (33)
Inserting (33) in (32) we get∫
MT
M tr N˜×/ Hess r˜2
∣∣
j(q)(dj|q, J |q)
4T 2
A + T 2
∫
MT
(|du|p + |dv|p)+ 4 ∫
MT
(|du|p + |dv|p),
and letting A → +∞ this latter gives∫
MT
M tr N˜×/ Hess r˜2
∣∣
j(q)(dj|q, J |q) 4
∫
MT
(|du|p + |dv|p).
Since |du|, |dv| ∈ Lp(M) we can let T → +∞, applying respectively monotone and dominated convergence to LHS and RHS
integrals, thus obtaining∫
M tr N˜×/ Hess r˜2
∣∣
j(q)(dj|q, J |q) = 0. (34)M
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trM˜
N˜×N˜ Hessdist2
N˜
∣∣
j˜(q˜)
(
d j˜(E˜ i), J˜ (E˜ i)
)= 0,
for all i = 1, . . . ,m and q ∈ M , where q˜ ∈ P−1M (q). At this point, applying again Theorem 8 implies
d(distN˜)(du˜,dv˜) = d
(
distN˜ ◦(u˜, v˜)
)≡ 0,
that is, (distN˜ ◦(u˜, v˜)) is constant on M˜ . Accordingly, for each q˜ ∈ M˜ the unique geodesic γ˜q˜ from u˜(q˜) to v˜(q˜) can be
parametrized on [0,1] proportional (independent of q˜) to arclength. We deﬁne a one-parameter family of maps u˜t : M˜ → N˜
by letting u˜t(q˜) := γ˜q˜(t). Then we see that u˜0 = u˜ and u˜1 = v˜ . Theorem 8 states also that for each i = 1, . . . ,m there exists
a parallel vector ﬁeld Zi , deﬁned along γ˜q˜ in N˜ , such that Zi(0) = du˜|q˜(E˜ i), Zi(1) = dv˜|q˜(E˜ i) and 〈 N R(Zi, ˙˜γ q˜) ˙˜γ q˜, Zi〉N ≡ 0
along γ˜q˜ . In particular Zi is a Jacobi ﬁeld along γ˜q˜ . By the proof of Theorem 8 it turns out that
Zi(t) ≡ du˜t |q˜(E˜ i). (35)
In fact, let ζi : (−ε, ε) → M˜ , ε > 0, be a smooth curve such that ζ˙ (0) = E˜ i . By deﬁnition of differential we have that
du˜t(E˜ i) = ∂
∂s
∣∣∣∣
s=0
(u˜t ◦ ζ )(s).
On the other hand, since (u˜t ◦ ζ )(s) = γ˜ζ(s)(t), we get that du˜t(E˜ i) is the variational ﬁeld of the geodesic variation
(t, s) 	→ γ˜ζ(s)(t),
then du˜t(E˜ i) is a Jacobi ﬁeld along γ˜q˜ and, by the uniqueness of the Jacobi ﬁelds with given boundary values, (35) is proved.
In the special situation N Sect < 0, for all q˜ ∈ M˜ and i = 1, . . . ,m, the parallel vector ﬁeld Zi along γ˜q˜ has to be pro-
portional to ˙˜γ q˜ . Hence u˜(M˜) and v˜(M˜) have to be contained in a geodesic of N˜ and projecting on M we get the proof of
case (i) of Theorem A.
In general, because of the equivariance property (6) and by the uniqueness of the construction above, for all γ ∈ π1(M,∗)
and t ∈ [0,1] we have that
u˜t ◦ γ = β ◦ u˜t, (36)
where β = u(γ ) = v(γ ) ∈ π1(N,∗). Thus we have induced maps ut : M → N for t ∈ [0,1] such that u0 ≡ u and u1 ≡ v .
Let γq(t) be the geodesic from u(q) to v(q) in M obtained by projection from γ˜q˜ . Projecting Zi , which is equivariant by
(35) and (36), the identity (35) implies dut is a parallel vector ﬁeld along γq . Therefore, the p-energy density of ut
ep(ut)(q) :=
(
m∑
i=1
∣∣dut(Ei)∣∣2
) p
2
is constant along γq for each q ∈ M and, consequently, the p-energies of ut satisfy
Ep(u) = Ep(ut) = Ep(v), ∀t ∈ [0,1], (37)
that is, every p-harmonic map of ﬁnite p-energy homotopic to u has the same p-energy as u.
Now, suppose N is compact. In case also M is compact, Corollary 7.2 in [26] immediately implies ut is p-harmonic for
all t ∈ [0,1]. Otherwise, by Theorem 1 we know that there exists a p-harmonic map ut,∞ ∈Hut which minimizes p-energy
in the homotopy class of ut , which, by construction, is the same homotopy class of u. Applying (37) with v = ut,∞ we have
Ep(ut,∞) = Ep(u) = Ep(ut).
On the other hand, if we assume that ut is not p-harmonic, for each  > 0 there exists an -ball B such that ut does not
minimize energy on B . Namely, there exists a map uˆt, such that
Ep(uˆt, |B ) < Ep(ut |B ),
so that extending uˆt, to all of M as
ut, :=
{
uˆt, in B,
ut in M \ B,
it turns out that
Ep(ut, ) < Ep(ut).
Moreover, for  small enough ut, ∈Hut =Hu and, as it is clear from the proof of Theorem 1, it must be
Ep(ut,∞) Ep(ut, ) < Ep(ut) = Ep(u).
This contradicts (37) and concludes the proof. 
G. Veronelli / J. Math. Anal. Appl. 391 (2012) 335–349 349Remark 12. The p-harmonic general comparison theorem we have just proved does not recover completely Theorem 2. First,
due to the unpleasant behaviour of the p-tension ﬁeld with respect to the Riemannian product, here the map M ×R → N
given by (q, t) 	→ ut(q) in general is not p-harmonic.
Moreover, in Theorem 2 the maps ut giving the homotopy are proven to be harmonic also when the target manifold N
is noncompact. This is achieved taking advantage of the solution to the Dirichlet problem for maps from bounded domains
in M to noncompact nonpositively curved targets N . Indeed, developing the heat ﬂow method used by R. Hamilton, [7], this
result was achieved by Schoen and Yau in Section IX.8 of [20]. To the best of our knowledge, in the p-harmonic setting, the
Dirichlet problem for maps to noncompact manifolds has not been faced yet.
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